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ABSTRACT

Almost quasi-continuity, introduced by Popa (1978) in the setting of classical topological spaces, has

played an important role in the development of generalized continuity concepts.
increasing interest in continuity notions within bitopological frameworks, this paper extends the concept
of almost quasi-continuity to bitopological spaces through the introduction of pairwise almost quasi-
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continuous mappings. Several equivalent characterizations of this new class are established, and its
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fundamental properties are investigated. Furthermore, the relationships between pairwise almost quasi-
continuity and other generalized pairwise continuity concepts are examined. As a main result, it is
shown that pairwise almost quasi-continuity is equivalent to pairwise semi-weak continuity. These

results enrich the theory of generalized continuity in bitopological spaces and provide a solid foundation
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for future studies of mappings between spaces equipped with two interacting topologies.
Keywords: (i,j)-regular open; (i, j)-semi open; pairwise almost quasi continuous.

1. INTRODUCTION

Topological approaches have become increasingly important in
the study of uncertainty, approximation processes, and complex re-
lational systems. Their flexibility and structural depth have led to
wide-ranging applications in both pure and applied mathematics. In
particular, topology-based techniques have played a substantial role
in the development of rough set theory and several of its modern ex-
tensions (Abu-Gdairi et al., 2023; El-Bably et al. 2024; El-Bably et
al. 2025a; El-Bably et al. 2025b; R. A. Hosny et al. 2025).

Beyond their theoretical importance, topological models have also
demonstrated considerable effectiveness in intelligent systems, data
analysis, and decision-making frameworks (El-Gayar et al., 2026;
Nawar et al., 2024; Nawar et al., 2022). Recent studies further high-
light their relevance in medical and healthcare applications, partic-
ularly in predictive diagnosis and feature selection problems related
to diseases such as medical applications (Hosny, R. A. et al., 2024;
Abu-Gdairi & El-Bably, 2024; El-Bably et al., 2021). Such devel-
opments reflect the growing reliance on topological frameworks for
handling incomplete, vague, and uncertain information in complex
environments. Consequently, increasing attention has been directed
toward extending classical topological notions to settings capable of
describing more flexible and multi-layered structures.

Bitopological spaces, introduced by J. C. Kelly (Kelly, 1963),
constitute a natural extension of ordinary topological spaces by equip-
ping a set with two interacting topologies. This framework has gener-
ated a broad and active research area due to its ability to capture struc-
tural phenomena that cannot be adequately represented within a single
topology, for example see (Popa, V., & Noiri, T., 2004; Tahiliani, S.,
2008; Kiligman, A., & Salleh, Z., 2009; Ashaea, G.S., & Yaqoub, Y.,

2020) and Soft bitopological ordered spaces in (Shalil, S. H. et al.,
2024a; Shalil, S. H. et al., 2024b; Shalil, S. H. et al., 2024c). The
interaction between the two topologies has led to numerous general-
ized forms of topological properties and mapping behaviors. Among
the most extensively investigated topics in this context is generalized
continuity (Nasef & Noiri, 1998, 2000). Several weakened and hybrid
continuity notions have subsequently been studied, including pairwise
continuity (Khedr & Al-Shibani, 1991), semi-continuity (Noiri & Ah-
mad, 1985), irresoluteness (Dube, Panwar & Tiwari, 1990), and al-
most continuity (Nasef & Noiri, 1997). These generalized forms pro-
vide useful analytical tools for examining mappings between spaces
endowed with dual topological structures.

In a related direction, quasi-continuity and its various modifica-
tions have contributed significantly to the understanding of local map-
ping behavior beyond classical continuity. Almost quasi-continuity
was originally introduced by Popa (1978) in topological spaces and
was later investigated further by Noiri (Noiri & Ahmad, 1985; Noiri,
1990). This notion combines aspects of almost continuity and quasi-
continuity, thereby offering a more flexible continuity-type condition.
Although the concept has been studied extensively in classical topol-
ogy, its counterpart in bitopological spaces has not yet received com-
parable attention. In particular, the interaction between almost quasi-
continuity and pairwise continuity structures remains insufficiently
explored.

Motivated by these observations, the present paper introduces and
studies the notion of pairwise almost quasi-continuous mappings in
bitopological spaces. The proposed concept is investigated through
several equivalent formulations that clarify its essential structural
characteristics. Moreover, comparisons with existing classes of pair-
wise continuity are established in order to determine its position
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within the hierarchy of generalized continuity notions.

The main contributions of this work may be summarized as fol-
lows. First, the concept of almost quasi-continuity is extended to
the bitopological setting through the introduction of pairwise almost
quasi-continuous mappings, thereby enriching the existing theory
of generalized continuity in bitopological spaces. Second, multiple
equivalent characterizations are obtained, providing alternative per-
spectives for understanding the behavior and structure of this class.
Third, it is proved that pairwise almost quasi-continuity coincides
with pairwise semi-weak continuity, leading to a unified interpreta-
tion of two continuity notions that initially appear to be different.

In addition to its theoretical significance, the proposed framework
may also be useful in applications where bitopological structures arise
naturally. Such situations frequently occur in rough set theory, par-
ticularly when lower and upper approximations are generated through
distinct topological or relational mechanisms. Accordingly, the ob-
tained results provide useful tools for studying mappings in environ-
ments characterized by uncertainty and incomplete information. Po-
tential applications may also extend to decision support systems, gran-
ular computing, information processing, and data analysis.

The paper is organized as follows. Section 2 presents the basic
definitions and preliminary results used throughout the paper. In Sec-
tion 3, the concept of pairwise almost quasi-continuous mappings is
introduced together with several equivalent characterizations. Sec-
tion 4 investigates fundamental properties of this class, including
behavior under composition, restriction, and product constructions.
Finally, Section 5 concludes the paper and outlines several possible
directions for future research.

2. Terminologies

Throughout this paper, (X, 71, 72) and (Y, 01, 02) denote arbi-
trary bitopological spaces.

Forasubset2 C X, the notations 7-C1(2l) and 7i-Int(2() denote,
respectively, the closure and interior of 2 with respect to the topology
7i, where i € {1,2}. Whenever no ambiguity arises, these notations
will simply be written as CI; () and Int; ().

Throughout this paper, the indices i and j are assumed to satisfy
i,j € {1,2} and i # j, unless explicitly stated otherwise.

Definition 2.1. Let 2[ be a subset of a bitopological space (X, 71, 72).
Then 2/ is said to be:

(@) (7, 7;)-regular open (Jeli¢, 1990a) (briefly, (i, j)-regular open)
whenever

A = Inti(Clj (Ql)) .

(b) (7, 73)-semi-open (Maheshwari & Prasad, 1977/1978) (briefly,
i,j)-semi-open) whenever

2 C Cl;(Int; (A)).

(c) (i, 7j)-preopen (Jeli¢, 1990b) (briefly, (i,j)-preopen) when-
ever
Q‘ g Il’lti (Cl] (Q[)) .
(d) (7, 75)-c-open (Jeli¢, 1990b) (briefly, (i,j)-a-open) whenever

A g Inti (Cll(Intl(Ql))) .
Definition 2.2. (Jeli¢, 1990a) A subset 2l of a bitopological space
(X, 11, 72) is called (73, 75)-9-open (or simply (i, j)-d-open) if for ev-
ery point ¢ € 2l there exists an (i, j)-regular open set W such that
reWwcC
The complement of an (i,j)-regular open set (respectively, an

(i,))-semi-open or (i,j)-6-open set) is called an (i,)-regular closed
set (respectively, an (i, j)-semi-closed or (i, j)-0-closed set).
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For abitopological space X = (X, 71, 72), the families of all (i, j)-
regular open, (i, j)-regular closed, (i, j)-semi-open, (i, j)-semi-closed,
and (i, j)-preopen subsets of X are denoted by

(i7 ])'PO(X)7

(i7 ])'SC(X)7

respectively.

A subset 2 is termed pairwise semi-open if it is simultaneously
(1, 2)-semi-open and (2, 1)-semi-open. Similarly, the notions of pair-
wise regular open, pairwise d-open, pairwise regular closed, and pair-
wise d-closed sets are defined in the obvious manner.

Definition 2.3. (Jeli¢, 1990a) Let 2 be a subset of a bitopological
space (X, 71, 72). The intersection of all (i, j)-semi-closed sets con-
taining 2 is called the (73, 7j)-semi-closure of 2. Likewise, the inter-
section of all (i, j)-0-closed sets containing 2l is called the (73, 75)-0-
closure of 2.

These are denoted, respectively, by

(71, 73)-sCL(RAL) (7i,73)-0CL(A).
Definition 2.4. (Pervin, 1967) A mapping
fi(X,7,72) = (Y,01,02)

and

is said to be pairwise continuous (respectively, pairwise open) pro-
vided that both mappings

f:(X,m1) = (Y,01) and §:(X,72) = (Y,02)

are continuous (respectively, open).

Definition 2.5. A mapping f : (X, 71,72) — (Y, 01,02) is called
pairwise semi-continuous (Maheshwari & Prasad, (1977/1978)) (re-
spectively, pairwise irresolute (Dube, Panwar, & Tiwari, 1990), or a
pairwise R-map (Khedr & Al-Shibani, (1991))) if the inverse image
of every oi-open set (respectively, every (i, j)-semi-open set or every
(i,j)-regular open set) in (Y, o1, 02) is (i, j)-semi-open (respectively,
(i,))-semi-open or (i, j)-regular open) in (X, 71, 72).

Definition 2.6. (Bose & Sinha, 1982) A mapping
f : (X7 1, 7_2) - (Y7 01, 02)

is said to be pairwise almost continuous if for each point r € X and
every oi-open neighborhood U of §(r), there exists a 7i-open neigh-
borhood i of ¢ satisfying

f(8) C Int: (CL()).

Definition 2.7. (Bose & Sinha, 1982; Khedr, & Al-Shibani, 1991) A
function f : (X, 71,72) — (Y, 01,02) is said to be pairwise quasi-
continuous at a point ¢ € X provided that for every 7i-open set
containing ¢ and every oi-open set U containing f(r), there exists a
nonempty 7i-open set & in X such that

GCU and f(6)C V.

If the above condition holds for every pointr € X, then f is called
pairwise quasi-continuous.

3. Characterizations

This section is devoted to establishing several equivalent descrip-
tions of pairwise almost quasi-continuity. These formulations provide
different viewpoints for studying this class of mappings and help re-
veal its underlying structural behavior.

Definition 3.1. Let f : (X,71,72) — (Y,01,02) be a mapping.
Then f§ is called pairwise almost quasi-continuous (briefly, pairwise
a.q.c.) ata pointyr € X if for every 7i-open neighborhood L of ¢
and every o;-open neighborhood U of §(r), there exists a nonempty
Ti-open set & such that

G CU and §(&) C Int;(CL(V)).
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A mapping f is called pairwise almost quasi-continuous if it is
pairwise almost quasi-continuous at every point of X.

Theorem 3.2. Letf : (X, 71,72) = (Y,01,02) be a mapping. Then
the following conditions are equivalent:

(a) | is pairwise almost quasi-continuous,

(b) Foreveryy € X and every oi-open set 0 containing (), there
exists an (i,j)-semi-open set $\ containing t such that

f(ﬂ) Q Il’lti (CIJ(Q])),

(c) Whenevert € X and
U € (i,j)-RO(Y)
satisfies f(r) € 0, there exists
e (i,))-SO(X)

such that ¢ € 3 and
f(&0) € s

(d) For every subset 8 C Y,
(1,1)-sC1 (5 (C(Intu(CL(B)) ) € 7 (CL(B));
(e) For every (i,j)-regular closed subset § of Y, the inverse image
)

is (i,j)-semi-closed in X;
(f) For each (i,j)-semi-open subset 0 of Y,
(1,0)-sCL{ (1) S (CL());
(g) For every (i,j)-regular open set U in'Y, the inverse image
i)
is an (i,))-semi-open subset of X.

Proof. (a) = (b):
Letr € X and consider the family

Y ={MCX:reMNand Nis 7i-open}.
Assume that U is a oi-open subset of Y containing §(z). Since f
is pairwise a.q.c., for every 01 € X, there exists a nonempty 7i-open

set Gy satisfying

Gn CN and f(Bx) C Int (CL(V)).

® = U Bar.

NED,

Now define

Clearly, & is 7i-open and satisfies
r € Cli(®).

Set
U=6U{}.

Then
6 C U C Cli(®),

and consequently 4l is (i, j)-semi-open. Moreover, ¢ € 4l and
f(ﬂ) C Int; (Cll (m))

Hence condition (b) holds.
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(b) = (0): _ . »
The conclusion follows immediately from the relevant definitions.

() = (d):
Let 8B C Y and suppose that

r &7 (CL(B)).
Then

f(x) € CL(B).

Accordingly, there exists a oi-open set U containing f(z) such that
VNB=0.
Therefore,
Int; (C1;()) N C;(Int;i (CL(B))) = @.
By condition (c), there exists a set
e (i,j)-SO(X)
such that ¢ € 4l and
f(£0) N CY; (Int; (CL(B))) = @.
Consequently,
AN §H(CL(Inti (CL(B)))) = 2,
which implies that
r ¢ (i,§)-sC1(F(Cl;(Int; (C1;(B))))).
Hence,

(i,§)-sCL(f " (CL(Inti (CL (3))))) C § ' (CL(B)).

(d)=(e): .

Let ¥ be an (i, j)-regular closed subset of Y. By condition (d),
(1,)-sC1(7' () S ()

Therefore,

(%)

is (i, j)-semi-closed in X.
(e) = (D):
Let
U € (i,j)-SO(Y).

Since
Cl;()

is (i, j)-regular closed in Y, condition (e) implies that
=1 (CL(D))

is (i, j)-semi-closed in X. Hence,
(,3)-sC1(F~" (D)) € 7 (CL()).

H = (g):
Let
U € (i,j)-RO(Y).

Then
Y\Y

is (i, j)-regular closed and therefore (i,j)-semi-open. By applying
condition (f), we obtain

(1,i)-sCI1(F (Y \ D)) CF (Y \D).

Thus,
Y\ )
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is (i, j)-semi-closed, and consequently

(o)
is (i,j)-semi-open.
£ge)t?€( a})(:, let U € 7y with ¢ € U, and let Y € o; such that
f(x) € .
Since

Inti (CL(D)) € (i,j)-RO(Y),
condition (g) yields
=1 (Inti (CL())) € (i,§)-SO(X).

Therefore,
r e Unf ! (Inti(CL(D))),

and this set is (i, j)-semi-open.

Define
& = Int; (Llﬂ ! (Inti(Clj(%)))).
Then
B£g, Ger, 6
and
Hence, f is pairwise almost quasi-continuous. O

Theorem 3.3. The following conditions are equivalent for a mapping
f : ()(7 T1,T2) — (Y, 0'1,0'2) :
(a) §is pairwise almost quasi-continuous;

(b) For every subset 2 C X,
F((1,3)-sC1A)) € (1,1)-0CI(FR));
(c) For every subsetB C'Y,
(i,1)-sCL({~ (B)) S ((1)-0CUB));
(d) For every (i,j)-0-closed subset § of Y, the inverse image
@
is (i,j)-semi-closed in X,
(e) For every (i,j)-0-open subset 0 of Y, the inverse image
()
is (i,j)-semi-open in X.

Proof. (a) = (b):
Let A C X. Since

(i,1)-6C1(F(A))

is (i,j)-0-closed in Y, it may be represented as the intersection of a
collection of (i, j)-regular closed sets. Thus,

(17])'6010(91)) = ﬂ Sas

ach

Fa € (1,3)-RC(Y).

Consequently,
2 C((1,1)-0CIGR)))-
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By Theorem 3.2, the set
7 ((1,3)-6C1G(2A)) )
is (i, j)-semi-closed in X. Therefore,
(:1)-sCI(A) S §((1,1)-0C1(F())).
Applying f to both sides yields
7((1,7)-sCLRA)) C (i,))-6CL(F(RA))-

(b) = (c): i .
Let B C Y. Using condition (b) for the set
i(B),
we obtain

£((i,3)-sC1(F 1 (B))) C (i,§)-0CL(F(F(B))).

Since

it follows that
(i,3)-6C1(F( " (B)) € (i,1)-0CU(B).
Hence,
(i,1)-sC1(F~" (%)) C 1" ((1,1)-0C1(B)).
©=@:
Assume that § is an (i, j)-0-closed subset of Y. Then
(1,i)-0CI(3) = 3.
Using condition (c), we get
(i,1)-sCI(i~*(8)) €1 ((1,)-0C1R)) =1 (3)-
Therefore, {1 () is (i, j)-semi-closed in X.

(d) = (e):
Let U be an (i, j)-d-open subset of Y. Then

Y\ U

is (i, j)-d-closed. By condition (d),

FHY\D) =X\ (D)

is (i, j)-semi-closed in X.

Consequently, () is (i, j)-semi-open.

(e) = (a):
Let
U € (i,j)-RO(Y).

Since every (i, j)-regular open set is (i,j)-0-open, condition (e)

i71(0) € (1,1)-50(X).
Therefore, Theorem 3.3 guarantees that f is pairwise almost quasi-

implies that

continuous.

O

Theorem 3.4. The following conditions are equivalent for a mapping

f:(X,71,72) = (Y,01,02) :
(a) { is pairwise almost quasi-continuous,
(b) The mapping
f:(X,m,m2) = (Y,01,03)

is pairwise quasi-continuous,
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(c) The mapping
f : (XlevTQ) — (Ya Uf,aé)

is pairwise semi-continuous, where o; denotes the semi-
regularization of oi fori = 1, 2.

Proof. The equivalence of (a) and (b) follows directly from the defi-
nition of pairwise almost quasi-continuity together with the character-
ization of almost open sets in terms of the semi-regularization topolo-
gies o] and 05.

To prove (b) = (c), recall that every pairwise quasi-
continuous mapping is pairwise semi-continuous. Since the codomain
(Y, 01,05) is equipped with the semi-regularization topologies, the
conclusion follows immediately from the standard inclusion between
pairwise quasi-continuity and pairwise semi-continuity.

Finally, (¢) = (a) follows from the fact that every o} -semi-open
set is represented by a regular open set of (Y, oi). Consequently, the
inverse image of each regular open set under f is pairwise semi-open in
(X, 11, T2), which is precisely the definition of pairwise almost quasi-
continuity. O

Lemma 3.5. Let U be a subset of a bitopological space
(X, T1, Tz).

Then

Int; (CL(21)) C (i,j)-sCL().

Proof. The conclusion follows from the relation
Cli((i,1)-sCL2A)) = CL(2A),

which is valid for every subset 2 C X, together with Remark 9 and
Theorem 11 in (Maheshwari & Prasad, (1977/1978)). O

Lemma 3.6. Let 4l be a subset of a bitopological space (X, T1,72).
Then

Y e (i,j)-PO(X) ifand onlyif Int;(CL(L)) = (i,j)-sCL(L).
Proof. Assume that il € (i,))-PO(X).
By Lemma 3.1, we already have
Int; (CL(£0)) C (i,)-sCl(&l)

for every subset
X

It remains to verify the opposite inclusion. Let

Then
reX \ Int; (Cll (ﬂ)) .

Pairwise continuity
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Observe that
X\ Int; (Cl;(81))

is an (i, j)-semi-open subset of X. Since 4l is (i, j)-preopen, we have
uc Inti(Clj (}J))
Hence,
94N (x \ Inti(Clj(u))) - o.
Therefore,
r ¢ (1,))-sCl(Y),
which implies
(i,3)-sCl(Y) C Int; (CL(W)).
Consequently,
Int; (CL(W)) = (i,)-sCL(LL).
Conversely, suppose that

Int; (CLi(&0)) = (i,1)-sCI(&L).

Since
for every subset

it follows that
" c Inti(Clj (il))

Hence, 4 € (i,j)-PO(X).
O

Definition 3.7. A mapping § : (X, 71,72) — (Y, 01,02) is called
pairwise semi-weakly continuous if, for every point ¢ € X and every
oi-open set U C Y containing f(r), there exists an (i, j)-semi-open
set 4 C X such that p € {l and f(&1) C (i,j)-sCL(V).

Corollary 3.8. 4 mapping f : (X, 71, 72) — (Y, 01, 02) is pairwise
almost quasi-continuous if and only if it is pairwise semi-weakly con-
tinuous.

Proof. The conclusion is obtained immediately from Theorem 3.4 to-
gether with Lemma 3.6.

Remark 3.9. For a mapping f : (X, 71, 72) — (Y, 01, 02), the impli-
cations illustrated in Figure 1 are valid.

Nevertheless, these implications cannot, in general, be reversed.
Counterexamples supporting this observation may be found in Exam-
ple 2.1 of (Bose, 1981), Example 1 of (Bose & Sinha, 1982), as well
as in Examples 3.10 and 3.11.

Pairwise semi—continuity

|

J

Pairwise almost continuity ———— Pairwise almost quasi continuity

Figure 1: Logical implication relationships between pairwise continuity, pairwise semi-continuity, pairwise almost continuity, and pairwise

almost quasi-continuity.

Example 3.10. Consider the sets

X=Y ={a,b,c,0},

DOI:https://doi.org/10.25271/sju0z.2026.14.4.1958

equipped with the bitopologies
L= {@7 {Cl}, {b}7 {Cl, b}v X}7
2 = {2, {a},{b}, {a,b},{a,c}, {a,b,c}, X},
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and

g1 = {@7 {Cl}7 {a7 C},Y},
Define

o2 = {@,{b},{b,0},Y}.

f:(X,71,72) — (Y,01,02)

to be the identity mapping.

One can verify directly that § is pairwise almost quasi-continuous.
However, § is not pairwise almost continuous. Indeed, the set {a, ¢}
is (1,2)-regular open in Y, while its inverse image under § fails to be
T1-open in X. Consequently, pairwise almost quasi-continuity does
not necessarily imply pairwise almost continuity.

Example 3.11. Let X = {a, b, ¢} be equipped with the topologies

= {2, {b}, {c},{b,c},X}, 7= {2, {b},{b,c}, X},
and let

Y ={0,1,2}

carry the bitopologies

o1 ={2,{1},{0,1}, Y}, oo ={a,{1},{2},{1,2}, Y}.

Consider the mapping
f:(X,71,72) — (Y,01,02)

defined by

f(a) =f(c) =1,  f(b) =0.
1t is straightforward to check that § satisfies the condition of
pairwise almost quasi-continuity. Nevertheless, | is not pairwise
semi-continuous. In fact, the singleton {1} is o2-open, whereas
F71({1}) = {a,c}, which is not (2,1)-semi-open in X. There-
fore, pairwise almost quasi-continuity is strictly weaker than pairwise
semi-continuity.

4. Basic Properties

Theorem 4.1. Let § : (X, 71,72) — (Y, 01,02) be a mapping, and
consider the graph map

g:(X,Tl,TQ) — (XXY,Tl X 01,72 X 0'2)

defined by
9(t) = (v, §(x))  forally € X.

Then g is pairwise almost quasi-continuous if and only if | is pair-
wise almost quasi-continuous.

Proof. Lety € X, and let U be a oi-open subset of Y containing f(x).
Then X x U is (7i X oi)-open in X x Y, and clearly contains g(r).

Assume first that g is pairwise almost quasi-continuous. By
Corollary 3.8, there exists an (i, j)-semi-open set

UCcXxX
such that
resl
and
9(81) € (i,§)-sCI(X x ).
Since

(1,7)-sCl(X x ) C X x (i,j)-sC1(V),
it follows immediately that
fL) € (i,1)-sCL(V).
Therefore, f is pairwise almost quasi-continuous.

Conversely, suppose that f is pairwise almost quasi-continuous.
Let W be an (i, j)-regular open subset of X X Y containing g(x).
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Then there exist sets
$h € (i,3)-RO(X)

and
T € (i,j)-RO(Y)

such that
(r,f(r) €eth x W CW.

Using Theorem 3.2, there exists an (i, j)-semi-open subset

Uy € X
satisfying
e i
and
f(Lz) C B.
Define
U= Ny

Then 4 is an (i, j)-semi-open subset of X containing r. Further-
more,
g) S x B CW.

Hence, g is pairwise almost quasi-continuous. O
Theorem 4.2. Let
f: (X, 71,m2) = (Y,01,02) and g:(Y,01,02) — (Z,61,602)
be two mappings. Then the composite mapping

gOfZ (X,Tl,TQ) — (Z,91,92)

is pairwise almost quasi-continuous provided that one of the following
conditions holds:

(a) § is pairwise almost quasi-continuous and g is a pairwise R-
map;

(b) fis pairwise almost quasi-continuous and g is pairwise almost
continuous;

(c) | is pairwise irresolute and g is pairwise almost quasi-
continuous.

Proof. We prove each part separately.

(a) Assume that f is pairwise almost quasi-continuous and ¢ is a
pairwise R-map. Let W be a regular open set in (Z, 6;). Since

g is a pairwise R-map, g~ (W) is regular open in (Y, o). Be-
cause f is pairwise almost quasi-continuous,

fH g™ (W) = (go )~ (W)

is 7j-semi-open. Hence, g o f is pairwise almost quasi-

continuous.

(b

~

Suppose that f is pairwise almost quasi-continuous and g is pair-
wise almost continuous. Since every pairwise almost continu-
ous mapping is a pairwise R-map, the desired conclusion fol-
lows immediately from part (a).

(c

~

Assume that f is pairwise irresolute and g is pairwise almost
quasi-continuous. Let W be a regular open set in (Z, 6;). Then

g~ *(W) is pairwise semi-open in (Y, o1, 02). Since § is pair-
wise irresolute,

fH g (W) = (go ) (W)

is pairwise semi-open in (X, 71, 72). Therefore, gof is pairwise
almost quasi-continuous.

This completes the proof.
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Lemma 4.3. Let (X, 71, 72) be a bitopological space. Suppose that
A€ (1,j))-PO(X) and B € (i,j)-SO(X).
Then
ANDB € (i,j)-SOR).
Proof. Since B is (i, j)-semi-open in X, we have
B - Cl, (Intl(%)) .
Hence,
ANSB C AN ClL(Inti(B)).

Since 2 is (i,j)-preopen, the subspace topology on 2 pre-

serves (i, j)-semi-openness of intersections with (i, j)-semi-open sets.

Therefore,
Q[ N Inti(%)

is Ti-open in the subspace 2, and consequently,
2N %5 C Cly (Intm(Q{ N %)).
Thus,

ANB € (i,7)-SOQ).
O

Theorem 4.4. Letf: (X, 71,72) — (Y, 01, 02) be a pairwise almost
quasi-continuous mapping, and let Xo be an (1,j)-preopen subset of
(X, 711,72), wherei # j andi,j € {1,2}. Then the restriction

flxo: (Xo, T1]xq, T2]x,) = (Y, 01,02)
is pairwise almost quasi-continuous.

Proof. Let
U € (i,j)-RO(Y).

Since f is pairwise almost quasi-continuous, it follows from Theo-
rem 3.2 that

() € (i,1)-SO(X).

Consider now the inverse image under the restricted mapping.
Then
(Flxo) ™ (T) = § () N Xo.

Since X is (i,j)-preopen in X and §~* () is (i, j)-semi-open in
X, Lemma 4.3 implies that

F7H(0) N Xo
is (i, j)-semi-open in the subspace Xo. Hence,

(Flxo) " '(V) €

Therefore, f|x, is pairwise almost quasi-continuous. O

(1,1)-SO(Xo).

Lemma 4.5. (Maheshwari & Prasad, (1977/1978)) Let (X, T1,72)
be a bitopological space. If A € (i,j)-SO(B) and B is Ti-open in
X, then A € (i,j)-SO(X).

Theorem 4.6. Let f : (X, m1,72) — (Y, 01,02) be a function, and

let (81a)aev be a Ti-open cover of X. Suppose that for each o € V,
the restriction

fla: Moy T1lsn, T2u) — (Y, 01,02)

is pairwise almost quasi-continuous. Then f is pairwise almost quasi-
CONtinuous.
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Proof. Let
U e (i,j)-RO(Y).
Since (Lo )aev is a cover of X, we obtain
) =xni (@)= i ().
aeV
Equivalently,

F710) = | (lua) ™" (0).

acV

Since each restriction f |y, is pairwise almost quasi-continuous, The-
orem 3.2 implies that

(flua) ™" (D) € (1,1)-SO(ta), VaeV.
Moreover, each i, is Ti-open in X. Hence, by Lemma 4.3,
(flua) ™" (D) € (1,))-SO0(X), VaeV.
Since arbitrary unions of (i, j)-semi-open sets are (i, j)-semi-open, it
follows that
() € (i,7)-SO(X).

Therefore, by Theorem 3.2, f is pairwise almost quasi-continuous.
O

Theorem 4.7. Let

fr (H Xa, Hn(oz), HTQ(Q)) —

aeVv

(H Yo [[on (@), Hm(a))

aeV
be the product mapping defined by

H(@a)aev) = (fa(®a)) v
If each mapping
fo 1 (Xa, T1(c), 72(0)) = (Ya,01(a), 02())

is pairwise almost quasi-continuous, then the product mapping § is
pairwise almost quasi-continuous.

Proof. Let
T = (-’ra)aev S H Xa:
acV
and let
€ (i,i)-RO (H Ya>
acV

such that f(x) € 0. Since the product topology admits a base con-
sisting of finite products, there exist indices

a(l),a(2),...,a(n) eV
and sets
Bax) € (oi(a(K)), 0i(a(K)))-RO(Ya(x))
for
K=12,...,n,
such that
f(x) € <H Q]a(m) X H Yo | CU.
K=1 ag¢{a(l),...,a(n)}

For each K = 1,2,...,n, the mapping f,(kx) is pairwise al-

most quasi-continuous. Hence, by Theorem 3.2, f;(lm (‘Zla( K>) is
(ri(a(K)), 1(a(K)))-semiopen in Xy (k).

Define

U= (H fa(lK)(Qja(K))> X
K=1

Xa

I1

ag{a(D),....a(n)}
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By Lemma 4.3, the set 46 is (i, j)-semiopen in

I X

acV

Moreover, z € 4L, and for every u = (ua)acv € 4, we have

fa(m(ua(;())e%a(m, K=12,...,n.
Therefore,
f(u) € (H ma(K)> X Yo | €.
K=1 ag¢{a(l),...,a(n)}
Consequently,
f(u) € 0.
Thus, for every
S H Xao
acV
and every
(i, j)-regular open set U

containing

f(z),
there exists an
(i,j)-semiopen set

containing
X
such that
f(t) € 0.
Hence, by Theorem 3.2, the product mapping f is pairwise almost
quasi-continuous. O

Theorem 4.8. The product mapping § is pairwise almost quasi-
continuous if and only if every coordinate mapping fo is pairwise
almost quasi-continuous for each o € V.

Proof. We first establish the necessity.

Suppose that f is pairwise almost quasi-continuous and choose an
arbitrary index oo € V. Let U, be a (o1(a), 02(a))-regular open
subset of Y. Consider the cylinder set

V=B, x [] Vs
BF#a

Since regular openness is preserved by this construction, U is
(01,02)-regular open in [[ .o Y. The pairwise almost quasi-
continuity of f yields that

i)
is (71, 72)-semiopen in [ [ ¢ X5.
On the other hand,
7H0) =2 (Va) x [T Xe.

BF#a

Applying Lemma 4.3, we conclude that

fo (Vo)

is (11(a), T2())-semiopen in X,. Therefore, fo is pairwise almost
quasi-continuous.

For the converse, assume that every coordinate function f,, is pair-
wise almost quasi-continuous. Let (zo) € [],cv Xo and let W be

a (o1, o2)-regular open neighborhood of §((z)).
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By the description of basic neighborhoods in the product topol-
ogy, one can find a finite set Vo C V and (o1(7), 02(7y))-regular
open sets U, C Y,, v € Vo, satisfying

f(wa)) € ] By x [ Ya W

Y€V BEVo

For each v € V), the pairwise almost quasi-continuity of f, pro-
vides a (71(7y), 72(y))-semiopen neighborhood 1 of . such that

J(8,) C 0.

Now define

d= ] &= ] Xs

Y€V BEVo

Lemma 4.3 ensures that $[ is (71, 72 )-semiopen in the product space,
and clearly (zo) € 4.
Moreover,

e c IT i) < JT vacw

YEVQ BEVo

Hence every (o1, o2)-regular open neighborhood of f((z+)) admits
a (11, 72)-semiopen neighborhood of (z.) mapped into it. Conse-
quently,  is pairwise almost quasi-continuous. O

Theorem 4.9. Let {(Ya,01(),02()) :
bitopological spaces.

I

a € V} be a family of

fi(X,11,72) = (H Ya, Hal(a), HO’Q((X))

aeV

is pairwise almost quasi-continuous, then for every o € V, the map-
ping
Poof: (X,m1,72) = (Ya,01(a),02(a))

is pairwise almost quasi-continuous, where Py, denotes the canonical
projection onto Y.

Proof. Fix anarbitrary index o € V, andlet U, bea (01 (), o2(v))-
regular open subset of Y.

Since the projection Py, is pairwise continuous and pairwise open,
the inverse image

P, (Do)

forms a ([[o1(«),[[o2())-regular open subset of the product
space [[ 5o V5.
By the pairwise almost quasi-continuity of f, the set

71 (PL ' (Va))

is (71, T2)-semiopen in X.
Using the identity

FH(PLH(Va)) = (Pa o) (Va),

we obtain that
(Po o)™ (Va)

is (71, T2)-semiopen in X.

As U, was chosen arbitrarily among the (o1 (), o2())-regular
open subsets of Yo, the defining condition of pairwise almost quasi-
continuity is satisfied. Hence, P, o f is pairwise almost quasi-
continuous. O

638


https://doi.org/10.25271/sjuoz.2026.14.4.1958

Nasef'et al.

5. Conclusion

This paper introduced and systematically investigated the class of
pairwise almost quasi-continuous mappings in bitopological spaces,
thereby extending the classical notion of almost quasi-continuity to
settings equipped with two interacting topologies. This extension pro-
vides a broader framework for studying generalized continuity and of-
fers new insights into the interplay between bitopological structures.

Several equivalent characterizations of pairwise almost quasi-
continuous mappings were established, leading to a deeper under-
standing of their structural properties. In addition, the relationships
between this class and other generalized forms of pairwise continu-
ity were thoroughly investigated. One of the main contributions of
this work is the proof that pairwise almost quasi-continuity is equiv-
alent to pairwise semi-weak continuity, thereby providing a unified
perspective on these two notions.

Beyond its theoretical significance, the proposed framework may
also contribute to the study of mathematical models involving dual
topological structures. In particular, it has potential applications in
rough set theory, where approximation operators frequently interact
with topological or relational structures, as well as in information sys-
tems, granular computing, and data analysis, where multiple notions
of continuity naturally arise.

Future research may focus on extending pairwise almost quasi-
continuous mappings to more general mathematical environments,
including fuzzy, nano, and other generalized topological spaces. An-
other promising direction is to investigate their role in advanced rough
set models, decision-support systems, knowledge discovery, and in-
formation processing. Such extensions are expected to deepen the
theoretical foundations of generalized continuity while expanding its
applicability to computational and data-oriented disciplines.
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